The Coulomb interaction and the inverse Faddeev-Popov operator in QCD 
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We give a proof of a local relation between the inverse Faddeev-Popov operator and the non- 
Abelian Coulomb interaction between color charges. 
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C ab (y,x) = J drP^(y,r)d ( 2 r) 2^ b (r,x) , (2) 



When the QCD Hamiltonian is expressed entirely in terms of gauge-invariant variables, a nonlocal operator, 
r ah (y,x), appears in the role of the non-Abelian analog of (87r|y — x|) _1 , the 'static' interaction between electric 
charges in Coulomb-gauge QED. r ab (y,x) has the form 

r afc (y,x) = -iC Qb (y,x) (1) 
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where Z? ah (y,x) is the inverse Faddeev-Popov operator. Evaluating the inverse Faddeev-Popov operator X> ab (y,x), 
by calculating its expectation value in a particular state vector or by some other means, is important for determining 
the boundaries of the regions within which it is bounded. Q,I1I3 Evaluating T ab (y , x) is necessary for calculating the 
forces between colored objects, such as those between heavy static quarks. The conjecture that the unboundedness of 
2? ab (y,x) as |y — x|— >oo is related to the unbounded growth of the force between color-bearing objects, and thereby 
to color-confinement, 0,0, 13 suggests a close relationship between points at which 2? ab (y,x) and r ab (y,x) become 
' unbounded. 

In addition to the nonlocal relation expressed in Eq. (J2J, there is also a local relation between T ab (y, x) and T) ab (y, x), 

which, to the best of our knowledge, first appeared in a paper by Swift. [4j Because Eq. expresses T (y,x) as a 
Qh. local functional of 2? ab (y,x), it makes the relation between the infrared behavior of T ab (y,x) and that of £> ab (y,x) 
^ ' much more transparent. 

■ The inverse Faddeev-Popov operator X> ob (y,x) is defined by the relation 

d-D% ) 'D ab (y,x) = 8 d ,8(y-x) (4) 

d ' where 

d-K)-ir(^ ab + 9 r b A^)] ; (5) 



^ dxi \dx_ 

Aj(x.) represents a transverse gauge field. It can, for example, be the gauge field in the Coulomb gauge; or it might 
be the gauge-invariant field Aq i constructed within the Weyl (Ao — 0) gauge, [3 which has been identified with the 
Coulomb-gauge field, p T> ab (y, x) can be represented as the series 

oo 

P ab (y,x) = 5> ( a „ b (y,x) (6) 



71=0 



with 



^ ( „)(y,x) - 9 f(n ) J 4 ^ y _ <l)] \{^) dz{l)h 



47r|z(i) - z(a) 



^ 2(Z(2)) ^: ' ' J 4n\z(n Z i)- z(n)\ A ^ {z{n)) dzi) ln 4tt|z(!) - x| 5 (?) 
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f{n) represents the chain of SU(N) structure constants 

jabh jcx\bu\ juia2U2 JU2asus _ _ _ j"U-( n _2) a (n-l) u (n-l) j u {n — l) a nh ^g^ 

where repeated superscripted indices are summed; the chain reduces for n = 1 to /# = / Qfc ' 1 ; and for n = 0, to 



f(o) h = ~$bh- These properties of f?ff enable us to conclude that, for n = and n = 1, the respective expressions for 
P$(y,x) are 



and 

^<-> = ^/i^ Aj( <(^)- (10) 

In Ref. @, we pointed out that V ab {y, x) obeys the integral equation 



Eq. can also be obtained from the defining equation for T> ab (y, x), 

(S ah df z) + 9 r h Al(z)dl z) ) V hb (z, x) = 5 ab S(z - x) (12) 
by integrating both sides of the equation, as shown by 

As was pointed out in Ref. it is possible to represent C afe (y,x) as the series 

oo 

C ab (y,x) = ^C ( t ) (y,x) (14) 

n=0 

and to observe, from iterating Eq. (|llfl . that, order by order, each order examined confirms the relation 

C$(y,x) = ^ (gV^iy^)) . (15) 

Ref. Q then points out that this fact can be used to prove Eq. © . We will give a complete proof of Eq. © that does 
not require a perturbative decomposition of C ab (y,x). We use Eq. (| 1 1 11 to represent T> bh {y,r), multiply both sides of 
that equation by d^T> qb (r, x), and integrate over r, to obtain 

C ab (y 7 x) = V ab (y, x) - gf™ J ^ fc (z) A C «6( Z) x) . (i 6) 

We then define C ah (y,x) as 

C^ y , x , = «^>. (,„ 
dg 

and apply the operation of multiplying by g and then differentiating with respect to g to both sides of Eq. Qlip. 
obtaining 
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where we use Eq. (|7J| to write (y, x) = g n d^ (y, x) and where (y, x) is independent of 5. We write the second 
term on the right-hand side of Eq. I|18ll 



R 2 = R 2 (A) + R 2 (B) (19) 



with 



MA) = -gf"> / 4^^4( Z )^E^ d (n 6 )(^x) = -gf~J ^^^)-V^) (20) 



and 



MB) = -9f Sau I j ^ A tow- f> + l)5 n d ( t)(z,x) = -gf™ [ ^ 4(z)Ac" ft (z,x) 
7 4?r|y - z| dzfc ^ y > J 4?r|y - z| dz k 



(21) 



Since 



it follows that 



Sab 



4vr|y - x 



R 2 {A)=V ab (y^), (22) 



C afc (y, x) = V ab (y, x) - A s Glk (z)-^-C u \ Z , x) . (23) 

Since Eqs. l(TH|) and (|2*3*|) are identical, and both are linear integral equations, C ab (y, x) and C ab (y,x) are identical 
as well, and Eq. © is proven. We note, also, that the fact that £> ab (y,x) = £> ba (x,y), Q implies that r afc (y,x) = 

r ba (x,y). 

An interesting consequence of this theorem is the proper generalization, to non-Abclian gauge theories, of the static 
potential between charges in Abelian, Coulomb-gauge QED, 



/ 



We might, perhaps, wonder whether one could extend Eq. I|24|l to non- Abelian theories by replacing the Laplacian 
operator in Eq. Q24J1 with the Faddeev-Popov operator d-D. But Eq. J2J informs us that this 'naive' substitution 
is not allowed. The proper extension of Eq. (|24|) into the non- Abelian domain is to write the non- Abelian nonlocal 
interaction between color-charges symbolically as 

dx + j yj )( x)) {m^pri) ( Jo *(x) + j*t gi) W ) (25) 

where d-D is given by Eq. JSJ. 

Eq. J2J) has significant advantages over Eq. ^ . For a fixed set of points y and x, Eq. (0) expresses T as a nonlocal 
functional of T>, so that it is not very intuitive that the behavior of r ob (y, x) as |y — x|^oo is related to the behavior 
of T> ab (y,x) as |y — x|^oo. In contrast, Eq. © expresses T as a local functional of T> and the relation between the 
infrared behavior of r ah (y, x) and that of V ab (y, x) becomes more transparent. Moreover, as illustrated in the work of 
Szczepaniak and Swanson, 8], Eq. @ enables one to eliminate an integration over one spatial variable in evaluating 
expectation values of the Hamiltonian for trial wave functions that represent the physical QCD vacuum. 
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